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Abstract 

It is well-known that the reproducing kernel of the space of spherical harmonics of hxed homo¬ 
geneity is given by a Gegenbauer polynomial. By going over to complex variables and restricting to 
suitable bihomogeneous subspaces, one obtains a reproducing kernel expressed as a Jacobi polynomial, 
which leads to Koornwinder’s celebrated result on the addition formula. 

In the present paper, the space of Hermitian monogenics, which is the space of polynomial bi¬ 
homogeneous null-solutions of a set of two complex conjugated Dirac operators, is considered. The 
reproducing kernel for this space is obtained and expressed in terms of sums of Jacobi polynomials. 
This is achieved through use of the underlying Lie superalgebra s[(l|2), combined with the equiva¬ 
lence between the inner product on the unit sphere and the Fischer inner product. The latter also 
leads to a new proof in the standard Dirac case related to the Lie superalgebra osp(l|2). 
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1 Introduction 

Various dual pairs in the sense of Howe can be obtained in explicit realizations through the study of sets 
of differential operators of Laplace or Dirac type. In this paper we are concerned with four such dual 
pairs: 

• the real Laplace operator governed by sl(2) x 0(m), and its Dirac refinement osp(l|2) x Spin{m), 

• the complex Laplace operator governed by 0((2) x U{n), and its Dirac refinement sl(l|2) x U{n). 

In all these cases, a crucial role is played by spaces of polynomial null-solutions of the relevant differential 
operators. For s[(2) x 0{m) they constitute e.g. the well-known spaces of spherical harmonics. 

The four situations mentioned above are intimately connected with the theory of orthogonal poly¬ 
nomials, which appear in the explicit expressions for the reproducing kernels of the related spaces of 
polynomial null-solutions. In the case of spherical harmonics, they are expressed as a single Gegenbauer 
polynomial [T] . When going over to complex variables and considering bihomogeneous complex harmonics 
related to g[(2) x U{ri) the resulting Jacobi polynomial follows from Koornwinder’s celebrated addition 
formula [15] . 
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While those two cases settle the situation for the Laplace operator, everything becomes quite a bit 
more complicated when considering Dirac operators instead. For the standard Euclidean Dirac operator, 
governed by the dual pair osp(l|2) x Spin{m), the reproducing kernel of the space of so-called spherical 
monogenics, i.e. homogeneous null-solutions of the Dirac operator, is known as a suitable sum of two 
Gegenbauers, see e.g. m or |10j . However, when performing a complex splitting of the Dirac operator, 
new interesting spaces of Hermitian monogenics, i.e. bihomogeneous null-solutions in the kernel of both 
Dirac operators, appear. It is the aim of the present paper to determine the reproducing kernels for these 
spaces, and to express them in terms of Jacobi polynomials as in the Koornwinder case. 

This will be achieved in two steps. First, we will develop a new way to determine the reproducing 
kernel in the case of the Euclidean Dirac operator (see Theorem 13.21 and Theorem 13.31) . Subsequently 
this method is adapted to the complex setting, thus leading to our two main results Theorem 14.11 and 
Theorem 14.21 

The main technical tools that we use to obtain these results are the (anti)commutation relations 
provided by the Lie superalgebra generated by the relevant differential operators, the equivalence between 
the inner product and the Eischer inner product [Ml HU, as well as intricate use of various Jacobi 
polynomial identities. 

Eor a summary of our main results and a comparison of the four different cases, we refer the reader 
to Table HI 

The paper is organized as follows. In Section [5] we summarize the main results on polynomial null- 
solutions of Laplace type operators and state the main properties of Jacobi and Gegenbauer polynomials 
we will use in the rest of the paper. In Section [3] we treat the case of the Euclidean Dirac operator, to 
develop our new method. Einally, in Section |T] we treat the case of the two complex conjugated Dirac 
operators. 

2 Preliminaries 

2.1 Spherical harmonics 

We consider functions defined on R™ with values in C. On R™ we have the standard Euclidean inner 
product {x,y) = Tti® norm of a vector is denoted by |a;| = i/ {x, x). Using a multi-index 

notation, a monomial in x = (xi, • • • ,Xm) can be written as x^ = x“M 2 ^ • ■ -xj^™ for an index vector 
A = [ai, • • ■ , amj € N™ with length |H| = oi + • • • + am- The space of polynomials of degree k is then 

Life = |Q(a;) : Q(x) = ^ Caa:“|, 

|a|<fe 

where the sum runs over all possible index vectors a with length at most k and the coefficients Ca are 
complex numbers. On H/^ we can define an inner product 

{P,Q)o = [W)Qix)]x=o, 

the so-called Eischer inner product, see [HIUIIS]. Here P{d) is the complex conjugate of the operator 
obtained by substituting the partial derivative dxj for every variable xj in P{x). Note that in the literature 
the complex conjugation is sometimes applied to the second argument of this inner product. Here we 
have chosen this definition to keep it coherent with sections [3] and H) 

A polynomial P(x) is called homogeneous of degree k if it holds for every x £ R™ that P{x) = 
|x|^P(l^), where is the restriction of x to the (m — l)-dimensional unit sphere = [x £ 

R™ : |x| = 1}. The homogeneous polynomials of degree k are the eigenfunctions of the Euler operator 
with eigenvalue k. Therefore, the space of homogeneous polynomials of degree k is 

defined as 


Pk = {P{x) ■ EP(x) = fcP(x)}. 

It can easily be verified that (•, •)a is indeed an inner product as shown in j^. The orthogonality of the 
spaces Vk with respect to that is {P,Q)g = 0 with P(x) £ Pk and Q{x) £ Pi ioi k ^ I, follows 
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immediately. 

For each of the spaces Vk there exists a unique reproducing kernel with respect to the Fischer inner 
product. This kernel is given by y) = and satisfies 


for any Pi € Vi. On the space of polynomials Ilfc these kernels therefore work as projections onto the 
homogeneous spaces Vj, viz. for a polynomial Q{x) = degree k with Pj S Vj we have that 

{ZJ^i;y),Q{-))a = P,{y). 

The space of fc-homogeneous polynomials that are also harmonic, that is null-solutions of the Laplace 
operator A = j is denoted by 

Pk = {Pix)eVk : AP(x) =0}. 

The restriction of such a homogeneous, harmonic polynomial to the unit sphere is called a spherical 
harmonic. However, because every homogeneous polynomial is uniquely defined by its values on the 
sphere we will also call Pk the space of spherical harmonics of degree k. 

As a result of the fact that every fc-homogeneous polynomial Pk G Pk can be decomposed as Pk (x) = 
Hk{x) -I- \x\'^Qk-2ix), with Hk € Pk being a spherical harmonic and Qk-2 G Pk-2 a homogeneous 
polynomial of lower degree (see also [SJ HU [H] ), we have the Fischer decomposition 

1-J 

Vk=^\x\^mk-2j. ( 1 ) 

i=o 

This result states that every polynomial can be described in terms of spherical harmonics, which is the 
higher dimensional analogue of the theory of Fourier series in two dimensions. As in the case m = 2 
spherical harmonics of different degrees are also orthogonal with respect to another inner product on H*,, 
the inner product on the sphere 

{P,Q)sm-i =—^— [ P{x)Q{x)da{x), 

Wm-l 

where da{x) is the spherical measure and tOm-i = 27r ^/^{^) the surface of the (m — 1) dimensional 
unit sphere. Note that as for the Fischer inner product we apply the complex conjugation on the first 
argument. It was shown in [9] that these two inner products are proportional for a spherical harmonic 
and a homogeneous polynomial of the same degree. The precise statement is as follows. 

Theorem 2.1. For a spherical harmonic Hk G Pk and a homogeneous polynomial Pk G Pk d holds that 

= {Hk,Pk)a- 

Moreover for two spherical harmonics of arbitrary order Hk G Pk and Qi G Pi, with k ^ I, one has that 

2 ^(—= {Hk,Qi)d = 0 . 

Here (y) k ~ denotes the Pochhammer symbol. 

As for the space of homogeneous polynomials Pk there also exits a unique reproducing kernel on the 
space of spherical harmonics Pk- In m this kernel was called the zonal harmonic of degree fc. 

Theorem 2.2. For any Hi G Pi it holds that 


{Kr{;y),Hi{-))sm-.=6kiHi{y), 
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with the reproducing kernel 


Kr{x,y) = ^\x\>^\y\^Ci:{t), 

where p = — 1, t = o.'n-d C^{t) the Gegenbauer polynomial of degree k and order y,. 

Note that the spherical variable t = = cos(^) is just the cosine of the angle between the vectors 

X and y. On the sphere the kernel only depends on this spherical variable, 

hence the term zonal in m- 

2.2 Complex harmonic analysis 

If the vector space R™ is of even dimension, i.e. m = 2n, a complex structure can be applied to identify 
R^" with the complex vector space C". A complex vector z = {zi, ■ ■ ■ , Zn) & C" then has complex 
coordinates zj = xj + ixn+j- The complex conjugation is denoted by Zj = xj — ixn+j and the Hermitian 
inner product between two complex vectors is (z, u) = The partial differential operators are 

given by 

~ 2 ~ ^ ’ 

“ 2 ^ ■ 

Note that we denote a function that depends on the complex vectors z and z, and hence on x, by f{z) 
rather than /(z, z) to simplify notations. A function /(z) will thus not in general be holomorphic. 

It is now possible to split the Euler operator E into two complex Euler operators 

n 

n 

It is easily verified that E^ + Ej = E allowing us to refine the notion of a fc-homogeneous polynomial 
to a (bi-)homogeneous polynomial of degree (p, q) with p + q = k. The space of (p, g)-homogeneous 
polynomials is defined as 


iPp., = {P(z)|E,P(z) =pP(z),E,-P(z) = < 7 P(z)}. 

The space of fc-homogeneous polynomials can then be understood as a direct sum of these (p, q)- 
homogeneous spaces, hence 


k 

i=0 

The Fischer inner product defined on 11^ can now be written as 

{p,Q)p = [P(^g(z)].=0, 

where the operator polynomial P{d) is obtained by substituting 28^^ = dx^ + idxn+j for every Zj and 
‘^dzj = dxj — idxr,+j for every Zj in P(z). As on Vk there is also a reproducing kernel on the space Vp^q 

with respect to (•, •)a. This kernel is given by and satisfies 

{Zp^q(-, u), Ps,t('))d = dpsSqtPs,t(u), 
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for any bihomogeneous polynomial Pg t G Ps,*- On the space of polynomials of degree k these kernels act 
as projections onto its subspaces 'Ps,t- For a polynomial Q{z) = St=o Ps,t{z) of degree k = p + q 
with Ps t G Ps,t we have that 

{Zl,{;ulQ{-))o=PsAu)- 

The Laplace operator can be written in terms of the complex partial derivatives as A = 4^"^^ dz^dz^- 
The space of spherical harmonics of order (p, q) is then defined as the space of (p, g)-homogeneous poly¬ 
nomials that are in the kernel of A, hence 

= {H{z)\H{z) G AP(z) = 0}. 

The reproducing kernel on Pp^q with respect to the spherical inner product 

(/,5)s2n-1 = — — f f{z)g{z)da{z) 

W2n-1 J§ 2 n -1 

was derived by Koornwinder in m in the context of establishing the addition formula for Jacobi poly¬ 
nomials. We summarize his result in he following theorem. The reader may also consult [3] for a more 
recent treatment. 

Theorem 2.3. For any Hg^t G Ps,t it holds that 

(•))§--! = 5 ps 5 qtHs,t{u) 

with the reproducing kernel given by 

Klq{z,u) = Cp,q{z,uY-^z,zy{u,uyP^^^^-'i{2s - 1), 

where p> q, Cp^q = u = n — 2 , the angular variable s = and PY^~‘^{ 2 s — 1 ) the Jacobi 

polynomial of degree q and parameters v and p — q. 


2.3 Jacobi and Gegenbauer polynomials 

Jacobi polynomials are a class of polynomials that are orthogonal with respect to the weight function 
(1 — a;)“(l -I- xY on the interval [—1,1]. The Jacobi polynomial PY^{x) of degree k with parameters 
a, 6 G K, a, 6 > — 1 is given by 


pa.b/ N_ r(a-l-fc-l-l) r(a -f 6-b fc-f j-|-1)/a; — In f 

~ A:!r(a + b + k + l) r(a + j + 1) V 2 ) ' 


As orthogonal polynomials they satisfy certain contiguous relations. The classic recurrence relations of 
the Jacobi polynomials P^^ix) and the relation with their derivatives can be found in [21 [18] and are 
given by 


Lemma 2.1. For a, 6 G K., a, 6 > —1 and /c G N one has 

Pi 


k 

^a,b+l / 


,a,6+l 


(1 + {l+x)PY’‘^Yx) = 2PY\x) 


(fc + a + & + 2)PY+r{x) + (fc + a + l)PY‘’^Yx) = {2k + a+ h + 3)P“;Vx) 

k 


P, 




r(A: + a + 6 + 2) 


b+i)lii±^±^±^PY\x). 


T{j + b+l) ^ 

The derivative of a Jacobi polynomial is again a Jacobi polynomial, namely 


{pY\x))\x) = i(fc + a + 6+l)P“+i’'’+'(x). 


( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


( 6 ) 
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If one considers special cases of Jacobi polynomials more relations can be found. Important for us is 
the following case and the resulting recurrence relations. 


Lemma 2.2. For p,q,n € N, n > 2 and p > q it holds that 

{p - + 2s(p;+f' = (p + 

(g + l)P;-i2'^-^(x) - 2s(p;+f= -(p+ l)p-i.^>-^(x) 


( 7 ) 

( 8 ) 
( 9 ) 


with Kp-j^q-j = 


_ n —1+p+g—2j' fn— 2 -\-p—j 


n —1 


and X = 2s-1. 


Proof. To prove equation 0 one uses the derivative relation dH) and 2s = a: + 1, hence 

(p - ’"-''(x) + 2s(p;+f = {p- q)p;-,^’P-^x) + + l){n+p)P--^’P-'^+\ 

Splitting the last term according to m gives 

(P - + 2s(p;_,f= (p - q)P--,^’^-\x) + i(cr + l)(n + p)(p;_,Y’^-«(x) 


-Pj 


n— 2 ,p—q+l / 


9+1 


= (p - q)p;;^'^-^{x) p-{x + i)(n+p)p;-/’^-«(x) 


n — l,p—q / 


(n- + p)( 


9 pn- 2 ,p-q 

‘^^q+l 


(x) - (1 - x)P^ 


.n — l,p—q 
9+1 


(a;)) 


(p - g)p;+f- (n+p)(p;+f’P-'^(X) - p;+Y’""^(^)), 


where equation ([3]) was used in the second step. When replacing (n + p)P^/’^ "^(x) with respect to 
property (HI one gets 


(P - \x) + 2s{p^ 


>n— 2 ,p—q 

9+1 


(x)) = -{n + q)Pg^^’P «(x) + (n+p + gP 1)P”+/’^ ^(x) 

- (n + <7)P”-i’P-«(x) 

= -(.n + g)(p;+f’"-'^(x) + Pr^’^-^x)) +(n+p + q + 


The result is obtained by applying relation ([ 2 ]), hence 


p: 


,n— 2 ,p—q 


9+1 


= -(n + q)P;_,Y’^-«-^(x) + (n + p + g + 1)P;+- 


,n—l,p—g—1 


(x) 


(p - '^(x)+ 2 s( 

= (p + i)p;+Y’^-«-^(x). 

To show that relation (l 8 |) holds we add (p — q)Pgffi’^~'^{x) + 2 s(^Pgffi’^~‘‘{x)'j — (p + l)P^/’^~'^~^(x) 
which equals 0 due to ([ 7 ]), hence 


-2s(p;+f’^-« 


(q + i)p;+f- 2s(p;+t’""’+)' = (9 + - 2s( 

+ (p - <?)p;+f’"-^(x) + 2s(p;+f’^-^(x))' - (p+i)p^ 


= iq + i)p;+t’"-"(^) + (p - g)p;+’"-^(a:) - (p+i)p;+7 
= -(p+l)(p;-/’"-^-i(a:) 

= -(p+l)P;-i'^'-^(x), 


;+Y’^-«-^(x) 

«-l.p-9-l(^) 


_ pn- 2 ,p-q 

^q+l 


(a;)) 


where we used relation ([2|) in the last step. 

Property ([9]) follows from ([5]) by taking into account that r(iV + 1) = TV! for TV € N. 


□ 
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Remark 2.1. Note that the recurrence formulas (0) and of Lemma \2.1\ as well as & and 0) 
of Lemma \2.2\ also hold formally for k = —1 and q = —1 respectively by identifying Pfi{x) with 0. 

The Gegenbauer polynomials are special cases of the Jacobi polynomials. For a real parameter pL > —^ 
they can be written as 




{k+^)k 


(x). 


The Gegenbauer polynomial of degree k and parameter /i € K., /i > — i is given explicitly by 


111 

j=0 


^{k-j + ^l) 
TipL)j\ik-2jy. 




The classic recurrence relations of the Gegenbauer polynomials (cf. [18j l are given in the following lemma. 
Lemma 2.3. For Gegenbauer polynomials of degree k £ N and parameter /i G R, ^ ^ it holds that 

kc^it) = 2{k +pi- l)tci:_,{t) -ik + 2pi- 2)Cj:_^it) (10) 

(fc+ pi)ci:it)=ti{ci:+\t) - c^+^,it)), (11) 

Mfi + k + 1)(1 - t^)Cj^+^ = ik + 2fi){k + 2pi+ 1)C^ - (fc + l)(fc + 2)C'^+2- (12) 

As for the Jacobi polynomials we have that the derivative of a Gegenbauer polynomial is again a 
Gegenbauer polynomial. 

Lemma 2.4. The derivative of a Gegenbauer polynomial Cf^{t) is given by 

{ci:{t)y = 2pici:+i{t). (is) 


For computations involving Gegenbauer polynomials we will use an additional relation. 
Lemma 2.5. For a Gegenbauer polynomial C^{t) we have that 

kCfit) - t{Cf:it))' = -2piC^^+l{t). 

Proof. Using the derivative relation (HI gives 

kci:-t(ci:)' = kci:-2pitci:+i 


(14) 


k + fj. 

= kC^ - k-^ 

k + fi 


k + pi 


where also the recurrence relation (nni) was used in the second step. When applying equation m we get 

kCi: - t[ci:)' = kCl - kCl - 2iaCltl = 


□ 
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3 Spherical monogenics 

3.1 Euclidean Clifford analysis 

Starting from the real vector space M"* with orthonormal basis {ei, • • • , Cm} the Clifford algebra dm can 
be constructed. The (non-commutative) algebraic multiplication follows the rules 

— ‘^^jk * * * 7 ^ 71 . 


Elements X G dm can be written in the form 

A 

with Xa G C. Summation runs over all possible ordered index sets A = {aj}^^^, 1 < ai < ■ ■ ■ < Uk < rn, 
and CA denotes the fc-vector ca = ■ 

For |d| = 1 the Clifford numbers 


m 

i=i 

correspond to the vectors of K™. The product of two such Clifford vectors can be written as a sum of a 
scalar and a bivector, that is 

mm m 

^ 3 ^ 3 ) ( ^ 3 ^k{xjyk - XkVj) - XjVj = X Ay - {x,y), 

j=l k=l j<k j=l 

splitting the algebraic product into a wedge and a dot product. The dual of a Clifford vector takes the 
form 


m 

^ ^ Cj dxj j 

i=i 

which is called the Dirac operator. A null-solution of this operator, i.e. a differentiable function / : 
R™ —>• dm satisfying dxf{x) = 0, is called (left-)monogenic. Because the Laplace operator A = —d^ is 
factorized by this Dirac operator, the theory of monogenic functions, which is called (Euclidean) Clifford 
analysis, can be considered a refinement of harmonic analysis. An introduction to this function theory 
can be found in [5] and [In- 

Note that dx can also act from the right on a function, in the sense that 

m 

[f{x)dx'^ = Y 

i=i 

The operators x and dx are invariant under the spin group Spinim). Satisfying the (anti-commutator) 
relation 

{x,dx} = xdx + dxX =-2 (e+y'), ( 15 ) 

they moreover generate the Lie superalgebra osp(l|2) (see [?])• 

By expanding the notation of fc-homogeneous polynomials Vk to C£m-valued polynomials 

Pix) = Yp^^^’ 

A 

with Pa ^ Cirn and \A\ = k, the space of spherical monogenics is defined as follows. 


Definition 3.1. The space of monogenic C(irn-v<^lued polynomials of homogeneity k, the so-called spherical 
monogenics of degree k, is denoted hy = {M{x)\M G Vk, dxM{x) = 0}. 

An important property of these spaces is the rehnement of the Fischer decomposition ([T|), as any 
spherical harmonic allows for the decomposition 


TLk ®C£rn = A4k (B xAik-i, (16) 

see e.g. [5]. As spherical monogenics are also harmonic they are a special case of spherical harmonics 
and therefore orthogonal with respect to the Cf^-valued inner product on the sphere 

{P,Q)sm-i = —-— [ P{x)'^Q{x)da. 

Wm-l 

The Clifford conjugation satisfies 

A 




for Clifford numbers X,Y G Cim- One may equally define a C^m-valued Fischer inner product on Vk, 
that is 


{P,Q)o = [P{dyQ{x)]x=o, 

where P{d) = denotes the operator polynomial that is obtained by replacing Xj with 

the derivative in P{x). When comparing these two products one has the same proportionality as 
before. 

Theorem 3.1. For a homogeneous polynomial P GVk and a spherical harmonic Q G Pk it holds that 

Moreover for two spherical harmonics of arbitrary order Hk G Pk and Qi G Pi, with k ^l, one has that 

2 ^(—= {Hk,Qi)d = 0 . 


Using the Fischer inner product it is possible to show the duality of the vector x and the Dirac operator 
dx- 

Lemma 3.1. On the space of Cim-valued polynomials V it holds that 

{dxP,Q)d = -{P,xQ)d- 

Proof. Because of linearity it is sufhcient to consider a monomial P{x) = eAxf^ ■ ■ ■ xlfv € Vk+i with 
Oi + • ■ • + dm = fc + 1 and an arbitrary /c-homogeneous polynomial Q{x) G Vk, hence 


{P,xQ)o= P{d)^(xQ{x)^ 


. x—0 




rri 


i=i 


- 


m 

^ ^ 9 “^ • • • ■ • • a:- • • • b^zq^x)) 




- x—O 
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where the last term vanishes and the first term is exactly the Fischer dual of 5|P(x), that is 


j=i i=i 


Oij 1 Oim \ 

•x/ ■■■x^)ajej, 


acting on Q{x), and hence 


{P,xQ)o = {dlP,Q)o = -{d^P,Q)d- 


□ 


3.2 Reproducing kernel 

As for the space of spherical harmonics of order k there is also a reproducing kernel for spherical mono- 
genics. This kernel KJ^{x,y) can be obtained (up to a constant) by letting two Dirac operators with 
respect to x and y act on the reproducing kernel of spherical harmonics K™^^(x,y) from the left and 
right respectively. We start with the following lemma. 

Lemma 3.2. The action of the Dirac operator dx on the spherical variable t = is 


dxt = y 


1 

\x\\y\ 


t 



The proof of the lemma follows after some computation from the chain rule. Now we can compute 
the action of the two Dirac operators on the harmonic kernel in two steps, beginning with dx which 

results in a vector-valued function. 


Lemma 3.3. Letting dx act on the harmonic kernel gives 

&(Pr+i) = (m + 2fc)(|/|x|'=|y|'=Cri(f) 

Proof. When applying the Dirac operator dx to KJf^j^{x,y) we get 

= ('= + i)ci;«(i) + Nl‘« l»l‘« - x^) (cu, (<))'). 

where we used Lemma [TH Collecting the terms with respect to the vectors x and y yields 

d,{KJT,,{x,y)) = ^^^^^\ x\x\'^-^\y\^+^[{k + l)Ci:^,{t)-t{Ci:^,{t)y)+y^ 

where we can apply the relations m and (ITTl) to get the result. □ 

In the second step we apply dy from the right to the result of the previous lemma, resulting in a sum 
of a scalar and a bivector. 

Theorem 3.2. The action of two Dirac operators on the reproducing kernel KJT^^(x,y) of spherical 
harmonics yields 


dxK^+i{x,y)dy 
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Proof. Letting dy act from the right to the first term of Lemma 13.31 gives 


where we used Lemma 13.21 for the Dirac operator with respect to y. Collecting the terms with respect to 
the scalar and bivector part yields 

For the action of dy on the second term of Lemma 13.31 we get 


Collecting again with respect to the scalar and bivector part results in 
-{x\xf-^\y\>^+^Ci:+l)dy = - X Ay|a;|'=-i|y|'=-i((A: + - 

+ \x\%\’^(2i^, + 1)(1 - t2)C,^+2 + t{k + 

= -xA y\x\>^-^\y\>^-^ (2C,^+i - 2ifi + l)C,^+3^) (18) 

, i^ifci |fe7(fc + 2M)(^ + 2/r+l) ^+1 {k-l)k ^ + 

+ I"! (-2(Frrt-■ WTA '■ 

where we used relation m on the bivector part and relations m and m on the scalar part. By 
combining equations m and m we get 


a,(xr+i)5, = (m + 2fc)(y|a;nj/rcr' -x|a:|'=-i|j/|'=+iC,^+')5, 

. +2.)w‘i.i‘(( - _ 11^) 

-(fc + i)cc+V^t(cC)') 

- (m + 2k)x A |/|x|'=-i|yr 1 (2C,^+i + 2(/i + l)(C,^+2 - . 


Applying relation (ED on both the scalar and bivector part yields 


d,{K^+i)dy = {m + 2k)\xf\y\’^ ( - 2(fc + M+^l)(fc + 2^) 

-{k + l)C'(+i - ^{kCj: - t(ci:y)^ 

- (m + 2k)x A y\x\^~^\y\^~^2{y. + k + l)Cy'yi. 

The second and third term of the scalar part cancel each other out due to relation (IT4)) . By replacing 
2{k + ^ + 1) = (m + 2k) the proof is concluded. □ 

In the following theorem we prove that the result of Theorem 13.21 is indeed (up to a constant) the 
reproducing kernel of spherical monogenics. 

Theorem 3.3. For any Mi S Ad; it holds that 

{Ky^i;y),Mii-))^m-^=SuMi{y), ( 19 ) 

as well as 

{KJf,xMi)sm-^=0 (20) 


11 












with the reproducing kernel 


Krix,y) = CkdxKJP_^i{x,y)dy 
where Ck = - ^^+ 2 k)- , y = f-landt= gg. 

Proof. For the Fischer inner product of K^{x,y) and a spherical monogenic Mi{x) € Mi of order I we 
have 


{K^,Mi )9 = {ckd,K^_,,dy,Mi)o 


= Ck 


(dlKJffj^{x,y)dl^^ Mi{x) 


- x=0 


Because the inner product is with respect to x, the Dirac operator can be pulled out. This leads to 


{K^,Mi)o = cudl{{d^K^+{),Mi)a 
= -Ckdl{K'^+„xMi)o 
= Ckdy{K^+^,xMi)o, 

where we made use of the duality of dx and x (cf. Lemma |3.1F Using Theorem 13.II we can write this in 
terms of the spherical inner product 

For a spherical monogenic Mi{x) of order I the function xMi{x) is still harmonic and homogeneous of 
order l + l. It therefore is reproduced by the kernel KJf^j^{x,y) for I = k, hence 

Now letting the Dirac operator dy act on yMi{y), using (ITSl) . we get 


{K^,Mi)9 = Cfe2'=+if^) 6ki{- mMi{y) - 2EMi{y) - y{dyMi 

\ Z / fe+1 

={m + 2k)SkiMi{y), 

where the last equality holds due to the monogeneity and homogeneity of Mi{x). For the spherical inner 
product of KJf{x,y) and Mi{x) we therefore have, using Theorem 13.11 

=- ^Cfe2'=+i(^) im + 2k)6kiMiiy) 

2/c / m J V 2 / fc+1 

= -Cfc(m + 2kySkiMi{y), 

which completes the proof of (|19p . For (EUl) we proceed as follows. 

As before we consider the Fischer inner product of KJf and xMi 

{Kr,xMi)9 = Ckdl{dxKr+i,xMi)9 

= -Ckdl{dxdxKr+i,Mi)9 
= Ckdl{AKJf,„Mi)9 
= Ckdl{0,Mi)9 = 0, 
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where we used the duality of x and d^, the fact that —A = and the harmonicity of The 

statement then follows by the proportionality of the Fischer and the spherical inner product as stated in 
Theorem 13.11 □ 

Remark 3.1. Note that in m the reproducing kernel on is given as 

Zk{x,y) = - {x Ay)\x\'^-^\y\'^-^C^^l{t), 

with a negative bivector part. The reason for this is the different notation of the reproduction property 

—^— [ Zk{x,y)Mi{x)da{x) = SkiMfy), 

Wm-l 

that differs from ours in the conjugation of the first argument. We have indeed that 
{Krix,y)y = ^^\x\%\'^Ci:{t) + ixAy)^x\>^-^\y\^-^Ci:+^^ 

= ‘^^^^ \x\^\y\''Ck{t) - (x/\y)\x\''~^\yf~^Cj^^l{t) = Zk{x,y). 

4 Spherical h-monogenics 

4.1 Hermitian Clifford analysis 

Taking the dimension of the underlying vector space to be even, i.e. m = 2n, we now consider the complex 
Clifford algebra C 2 n = C^ 2 n © iCi^n- By applying a complex structure J S SO{2n,R) on the elements 
of C 2 n one generates the so-called Hermitian setting of Clifford analysis, see m 012118]. Particularly one 
chooses J according to its action on the basis vectors ei, • • • , e 2 n as 

“ ^n+j — Cj J = 1, • * • , n. 

There are two projection operators ^(1 ± iJ) related to this complex structure. They act on the basis 
elements as 


fj = 2 ~ i • • • , 

fj 2 ~ id)[Sn+j] =~ 2 i^n+j) 1 = 1; ■ ■ ■ ! 

These new Witt basis elements satisfy the Grassmann identities 

fjfk + fkfj = ^jk J, fc = 1, • • • , 

and the duality relations 

fjfk + fkfj = fjfl +flfj =0 j,k=l,---,n. ( 21 ) 

When applying these projection operators on the Clifford vectors x G C(. 2 n one obtains the Hermitian 
Clifford vectors 

1 " 

z = -{l + iJ)[x] = ^fjZj 

i=i 

as well as their Hermitian conjugated counterparts 

1 "■ 

= “ 2(1 

i=i 
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Similarly to their action on the Clifford vectors one can apply the two projection operators on the Dirac 
operator, yielding two new complex conjugated Dirac operators 


n 

9, = --(l-zJ)[4]=^/X., 

i=i 

1 ” 

di = -{\+zj)[d,] = Y,f,d,^. 

t=l 

Simultaneous null-solutions of these two new operators, i.e. C 2 n-valued functions g{z) such that 

d^g = Q = dig, 

are now called Hermitian (or h-) monogenic functions. 

Remark 4.1. Note that the Hermitian vectors z, and Dirac operators dz, dl are nilpotent, that is 

n 71 n n 

zz = ^ ' fjZj ^ ' fkZk = ^ ^ X fjfk + fkfj)ZjZk = 0, 

j=l k=l j=l k=l 

because of the duality relations m- 

Applying the Hermitian Dirac operator dz from the left to the vector z results in a constant Clifford 
number called /3. 

n n 71 

p = dzz = Y,Y. fkZk = J2 fj ■ 

j=i k=i j=i 

Lemma 4.1. One has the symmetry relations 

dzZ = = j3, 

(^zdz^ = ajz'l' =n- P, 

the commutator relations 

Pz=zW-l), (22) 

Pz^ =zHP + ^) 

as well as the property 

71 

= (23) 

i=o 

The operators z, z\ dz and 9] are invariant under the action of the unitary group U{n). They satisfy 
the (anti-commutator) relations 

{z,dz)=^. + P, (24) 

{z\dl} =¥.z+n-P (25) 

and generate the Lie superalgebra sl(l|2) (see [7]). 

Denoting with the space of j-homogenous spinors, we consider the space 

of S^-^^-valued homogeneous polynomials of order {p,q) (see 0, m for a concrete construction). 
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Definition 4.1. The space M.p}q = {M{z)\M{z) € 'Pp2,dzM{z) = 9|M(z) = 0} of h-monogenic 
valued polynomials of homogeneity (p, q) is called the space of spherical h-monogenics. 

Similar to spherical monogenics they allow a further refinement of spherical harmonics by means of a 
Fischer decomposition (cf. [5]), hence 

= ■Mpl ® zMpSill ® + C2Z^z)Mpli q_i, 

where ci = C 2 = p_i^n-j — ^p,q ® i® ^he space of S^-’^valued spherical harmonics. 

Like in the Euclidean setting we have the inner product 

(P, Q)s2n-i = —— [ P{zyQ(z)da(z) 

^2n-l 1 


as well as the Fischer inner product 


{P,Q)a=[P{d)^Q{z)]^^^. 

As in the case of scalar valued polynomials, P{d) is obtained by replacing the complex variable zj = 
Xj + iXn+j with the derivative 29^^ = dxj + in P{z). Of special interest is the duality of the vector 

variables z and z^ with the Dirac operators dz and 9| respectively. 

Lemma 4.2. If P{z) and Q{z) are homogeneous <C 2 n-valued polynomials then it holds that 

2{dzP,Q)a = {P,zQ)a, 

2{dlP,Q)a = {P,z^Q)a, 

{zP,Q)d = 2{P,dzQ)a. 

{z^P,Q)a = 2{P,dlQ)a. 

The proof of these dualities follows the same principle as in the Euclidean case in Lemma 13.11 and is 
therefore omitted. 


4.2 Reproducing kernel 

We apply the two Hermitian Dirac operators with respect to z from the left and with respect to u from 
the right to the harmonic reproducing kernel, given in Theorem 12.31 


k: 


p+l,q+l 


{Z,U) = Cp+l,q+l{z,uy 




of homogeneity (p + l,q + 1) in z with p > q > 1, Cp+i^q+i = and v = n — 2. The resulting 

(Clifford-algebra-valued) polynomial 




{z,u)d'ldu 


(26) 


will be (p, ( 7 )-homogeneous because the Dirac operators dz and reduce the homogeneity of 
with respect to z and z respectively by 1. Moreover we have 

dzki^ = dzdldzK;z,,^q+,dldu 

= dz{dzdl + dldz)K;^^^q+^dldu 

= dz{^Kpj^^^^j^^d^pdu) = 0, 

where the second equality holds because of dzdz = 0 (cf. Remark [4.11) and the last one is due to the 
harmonicity of In a similar way we have that Kp^ is a null-solution of 9] and hence h- 

monogenic. Note also that the order in which the two Dirac operators are applied is not important, 
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as 


^l^z^p+l,q+l^u^u 

— r! K'^ r) 

— 'Jz<Jz^p+l,q+l^V<Ju- 

Our main aim in this section is two-fold: to find an explicit expression for (ESI) in terms of Jacobi 
polynomials and to show it is the reproducing kernel for Mp,q. For reasons of readability we will use the 
following notations in the subsequent computations 

A = (z,u) = {z,y)} 

B = {u, z) = {z^, u} 

C = {z,z) = {z,z^ 

D = {u,u) = {u,u^}, 

with {a, b} = ab + ba the anti-commutator. To compute the action of the Dirac operators on the harmonic 
kernel it is necessary to know its action on the Jacobi polynomials = P^’^{2s — 1). 

Lemma 4.3. The four Dirac operators act on the Jacobi polynomials P^’^{x) = P^’^{2s — 1) as 

dlP^^\:p)=2{u^-z^)(p^\x)y 

duPk\x) = 2(z1'^ - 

dlPk\x) = 2 ( 2 ^ - u'‘^)(^Pk'\x)'j , 

where x = 2s — 1 with s = 

Proof. Letting dz act on the Hermitian inner product A= {z,u) one gets 


dzA = dz{z, u) = ^ fjdzj ^ ziui 
3 = 1 l=l 


Equivalently one has 

dlA = z 
d\B = u 
dzC = z^ 
duD = 


fjdz.zjUj = Y 
t=i t=i 


duB = z'^ 

dlC = z 

dlD = u. 


Applying the quotient rule to the angular variable s = \Yuu’u\ ~ ^ 

AB 


and furthermore 


dzS = dz 


{z,z) {u,u) 

u^'BCD - z'fABD 


'CD C^D^ 


=“I - 4 
=4 - 4' 


^ ^ t 

= u' — — z' — 
A 


s 

C 


The claim follows by the chain rule. 


□ 
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To compute Kp^ we will now apply the four necessary Dirac operators consecutively to the harmonic 
kernel Kp^^ For the sake of readability these results are collected in the following three lemmas, 
after which the final computation is obtained in Theorem 14.11 Note that we omit the arguments of the 
Jacobi polynomials. 

Lemma 4.4. The Dirac operator dz acts on the harmonic kernel as 

= Cp+i,,+i(p+ 


Proof. Using the product rule and the results of Lemma |T3] we get 

= Cp+i.,+1 

The resulting terms can be collected with regard to the vectors and , yielding 

= Cp+1,,+1 (^(p - <z)p;+-^’"-’ + 2s(p;+f’"-y 

+ Z^AP-1C‘1D‘‘+^ (^{q + l)p;+“i"’'’-’ - 2s(p;+-i"’P-«)'^^ 

and the statement then follows by applying the recurrence formulas ([7]) and ® of Lemma lTTTl respectivelv. 

□ 

Applying the vector-valued Dirac operator dz to the scalar polynomial Kp_^i results naturally in 
a vector-valued polynomial. By applying a second Dirac opartor 9] in the next step we expect the result 
to be a sum of scalars and bivectors, as confirmed in the following lemma. 

Lemma 4.5. The two Dirac operators dldz act on the harmonic kernel as 

= Cp+i.,+1 (p + 1) V;ir" + uu^AP-‘>C‘>D‘>{n + p)P”’P-^ 

- (n - /3)AP-‘?C'«P«+ip”-i’P-«^ . 

Proof. We act with the conjugated Dirac operator 9] from the left on the result of Lemma HU which 
leads to 

a] = cp+i,,+i(p + i)a] - zUp-'^cw^+^p^-^’P-‘>^ 

= Cp+i,,+i(p + + l)p;+-i'’^-^-' 

+ (yA _ - {n - /3)AP-«C'«P«+ip"-i’P-« 

Jj (_/ \ / 
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where again Lemma [2.21 was used. The resulting terms are then collected with respect to zz\ uu^, zu\ 
uzl and in — /3) 

= cp+i.,+ib +1) ({q + - 2s(p;+Y’"-’-')') 

- uz'^AP-^+^C’i-^Dn{P^-^’P-^)' - (n - p)AP-'iC^D^+^PJ^-^’P-’i^ . 

The statement follows by applying formula ([5]) of Lemma 12.21 to the first two terms and the derivative 
relation ([B]) of Lemma 12.11 to the third and fourth term. □ 


In the third step the conjugated Dirac operator c?! acts from the right on the result of the previous 
lemma. 

Lemma 4.6. Letting the operator d\dz aet from the left and the Dirac operator d\ from the right on the 
harmonic kernel one gets 

{dldzK;^^,q+^ dl = Cp+i.,+i(p + l)(n + P + 9 + 1) 

Proof. As in the previous lemmata we compute the action of the Dirac operator on the terms of the 
previous lemma’s result, collect the outcome in terms of scalars, vectors, bivectors and 3-vectors and 
apply the recurrence formulas for the Jacobi polynomials to get the final result. 

We apply the Dirac operator dl from the right on the first term of Lemma 14.51 leading to 

(z2UP-«C'«-ip«+VPg-r'^)5« = g)Pg-r'^ 

-f zzUAP-'^c'^-^D'ipiq + i)P,”:r'^ 

+ zzUP-^C^-^D'^+^2p(z^ - y^)(P;dr")'- 

./I J-J 

Because of the anti-commutator relation zz^z = z{C — zz^) = zC this yields 

{zz^AP-‘>C‘>-^D‘^+^pPlllP-'^)di = zAP-i-^C‘^D‘i+^p(^{p - q)Pgl\~‘^ + 2s{P;iX‘>y'j 

+ zzhAp-‘>c‘>-^D‘>p(^{q + i)p;ir^ - 2s(p;ir^)') • 

Applying the recurrence formula ([S]) of Lemma [52] to the first term and formula (O to the second results 
in 

(zzUP-'?C"?P«+^pPy^r'^)5u = zAP-‘>-^C’^-^D‘>+'^p{p - l)pylfyp-^-^ (27) 

+ zzhAP-‘^C‘^-^D0p{2PyiP-‘> -{p- l)P;_y’^-«). 

Acting with dl on the second term of Lemma 14.51 gives 

+ p)P^’P-'})dl = ul3AP-‘>C‘>D‘>{n + p)P”’P"« 

-b yy - 9)(n -bp)P”’P“« 

-b yy1'yAP-«C'«P«-^9(n -b p)P”’P"‘^ 

+ uu'fAP-'iC‘>D‘^2{n+p){zyr-u^){Pl^’P-’^y. 

J\. JJ 
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Using once more uu^u = u{D — uu’') = uD we have 

{uu''AP-^C^D^{n+p)PJ^'P-^)dl = uAP-^C‘‘D^{n + p)({q + I3)P^'P-‘> - 2s(p;’P-«)' 

+ uuhAP-'^-^C’^D^n + p)({p - + 2s(PJ‘’P-‘?)') . 

As before we apply formula ([HI) of Lemma [2.21 to the second term and formula ([7]) to the first, hence 
{uu^AP-^C‘^D^{n + = uAP-’iC‘>D‘>{n + 

+ (uA + zD- zy1'y)AP-‘?-iC«P«(n + p)pP;+i’P-«-^ 

= uAP-^C^D^^iii + p){l3P^’P-’^ - p(P,"_Y’^-'^ - PJ^+Lp-?-!)) 

+ zAP-‘>-^C'^D<^+^{n + p)pP”+i’P-«-i 

- zy1'yAP-«-iC'«P«(n +p)pP;+i’P-«-\ 

where we also used uu^z = u(A — zyl) = uA + zuy) = uA + z(P — u^u). Applying formula ([T]) of Lemma 
[Q to the first term results in 

{uu^AP-’^C'^D^n + p)P^’P-’^)di = uAP-^C^D^in + p)[j3 + p)P,"’^’"« (28) 

+ zAP-‘i-^C‘^D^+^{n+p)pP^+^’P-^-^ 

- zv)uAP-^-^C‘iD‘i{n+p)pP^+^'P-‘i-\ 

Letting 9)) act on the third term of Lemma I4.5I gives 

(-zy^AP-«-iC''?P?+^pP”’P-‘?-i)9i = -z/3AP-«-iC'«P«+V-P"’P-'?-i 

- zuhAP-^-‘^C^D^+^p{p -q- l)PJ‘’P-'?-i 

- zu^uAP-‘i-^C‘^D^p{q + l)P"’P-'?-i 
-zu^AP-'i-^C<^D<i+^2p{z^-u^){P'^’P-^-^)'. 

J\. LJ 

Using zu^S = z{A — zu^) = zA and collecting in terms of z and ziAu we have 

( - zv) AP-'i-^C'^D‘i+^pPj^’P-^-^)dl = -zAP-«-iC«P«+ip((/3 +p-q- l)P;’P-«-i + 2s(p;'P-«-^)') 

- zy1'yAP-'?-iC'«P>((Q + 1 )P"’P-'?-i - 2s(p;’P-«-i)') , 

where we again can apply formulas (jdl) and 0 of Lemma I2.21 yielding 

( - zyUP-'?-iC'«P«+V^”’P-«-^)9); = -zAP-«-iC'«P«+V(/3-P”’^"'^"^ + (p - l)P”+^’^’”«”^) (29) 

- zuhAP-‘>-^C’>D’>p{P^’P-'^-^ -{p- l)P”+i^’^“'^“^). 

For the fourth term of Lemma Q] we get 

( - yzUP-‘?+iC"?-ip«(n +p)P;dP“«+^)9i = -uz'’zAP-'>C^-^D‘>{n + p){p -q + 

- uz''uAP-’i+^C^-^D^-\n+p)qP^X'^^^ 

- yz^AP-«+iC«-ip«2(n + p){z^ - y^)(PTir^^^)'- 

J\ LJ 

With uz^u = uB we have 

( - yzUP-«+iC'«-ip«(n +p)P”lP“''+^)9i = -yzW-«C«-^P«(n + p)((p - g + l)P”ir'^’^^ + 2 s(P”iP“«+^)' 

- uAP-‘^C‘^D‘^{n + p)s(qP^lPr'^+^ - 2s (P;ir, 
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where we apply formulas (H]) and (O of Lemma and uz^z = uC + zB — zs'^U to get 

( - = zzhAP-<iC<i-^D<i{n + (30) 

- uAP-<iC'iD'i{n + p)(sP;ir^^' + 

If we let 9), act on the last term of Lemma 14.51 we get 

((n - = -(n - l3)zAP-’i-^C‘‘D^+\p - 

- (n - l3)uAP-^C^D^{q + l)P;-i’P-‘? 

- (n - /3)AP-«C«P«+i2(z4 - 

^ LJ 


Collecting the result in terms of u and x gives 

((n - /3)AP-«C"?P'?+ipn-i,p-9^^t = _ p)zAP-‘>-^C‘^D‘i+^(^{p - q)Pg-^'P-‘> + 2s(Pg"-^’^-'?)') 

- (n - j5)uAP-‘‘C^D^({q + l)P”-i’P-« - 2s(P”-^’P-'?)'), 
where we can apply the recurrence formulas (jB]) and © of Lemma once more to get 
((n - /3)AP-«C«P«+^P;-^’P-«)ai = -(n - /3 )zAP-«-1C«P«+Vp,”’^"^"^ 

- (n - /3)yAP-'?C"?P‘?(P;-^’P-‘? -pP^d^r'^)- 

Collecting the z-parts from all five terms (1271) - (|BT|) results in 


(31) 


zAP-^-^C‘'D‘'+^p[{p - l)P^+^’P-^-^ + {n + p)PJ‘+i’P-‘?-i - ^P”’P-«-i 
- (p - 1 )p;+Lp- 9-2 _ - (n - /3 + l)P,"’^’-^-i) . 

We will now show that this term vanishes by denoting 
G(s) = {p- 1)P^+^’P-'^-^ + (n +p)P”+i’P-«-i - /3Pg"’P-«-i - (p - i)p^+hP-q -2 
- (n +p)sPPZ^ - {n- (3 + l)Pg'P~‘>~^ 

= (p - 1)(P”+1^’^”‘*”^ - PJ‘+Lp-<?- 2) p)PJ‘+i’P-'?-i - (n + l)P”’P-«-i - 2s(P"’P-'?-i)', 

where we substituted (n+p)sP^_I*"]^^’^~'^ = 2s[Pg’P~'^~^)' according to the derivative relation ([61) of Lemma 
o and used the commutator relations of Lemma 14.11 For the first term we now can apply equation ([2) 
of Lemma [Q and by subtracting and adding qP^'P ^ we get 

G(s) = -{n+p + (;)P”’P-«-i + gP;’P-«-i - 2s(P”’P-«-i)' + (n + p)P”+i’P-«-i. 

Once again we apply the recurrence relation © on the second and third term, yielding 

G(s) = -(n +p + g)P”’P-^-i - (p - l)P;_+'’^-«-' + (n +p)P,"+i’P-«-i. 

Splitting the new term as (p — 1)P^3^^’P~'^~^ = ((n + p + q) — {n + q + l))Pq3^i’^~'^~^ results in 
G(s) = -{n+p + <?)P”’^-^-i - (n + p + g)P;_Y’^-^-' + {n + p)P^+^’P-‘^-^ + {n + q + l)P;_+'’"-«-'), 
which allows us to use equation (|1]) of Lemma o on the last two terms to get 

CK^g'j = p"+l.P—<?—2 _ pn,p—q—l _ pn+l,p—q—l 
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Using equation (I2|) of the same lemma results in 


G[s) = — p"+^i.p-9-i 


(32) 


which equals 0. 

Collecting all u-terms from equations (l28l) . (l30l) and (1^ gives 
uAP-^C^D<i ((n + p)((/3 + 


- (n+p)s(P"_:Pi 


n,p—g+l 


-pP'a- 


n+l,p—(j+l\ 


9-2 


- (n - /3 + - pp;ir")) 

uAP-‘>C‘^D‘^ + p) (piP^’P-’^ - P;_Y’'’"^) - s(P;iPr''^' - - (^ + l) (P”-^’"’-® - pP^iT'') 


.+p)p^’p-‘> 


^ pn-l,p-q _ ppn^p-q 


= uAP-‘>C‘^D‘^ (Gi (s) + /3G2 (s)) , 
where we collected with regard to /3 and denoted 
Gi(s) = (n + p)(p(p;-^-« - p;_Y’"-^) - s(p;_:r"+i 


)) _(^+l)(pn-l.P-9_pp».P-9)^ 


G2(s) = (n+p)p;’P-« + p; 




We show subsequently that 


Gi(s) = {p- l)(n +p + q + l)P,"-i-P-^ 
G2(s) = (n + p + 9+l)P;-i’^’-^ 

beginning with 

Gi(s) = (n + p)(p(p;’^>-« - p;_Y’'’-")) - 2s((p;-i'?’-«)' -p(p;_:r")') 


(n + i)(p;-i'j’-«-pp;_:r’), 


where we used the derivative relation dH) on the term (u + p)s(P^_l^ —pPq^ 2 ’^ By adding and 

subtracting the correspondent terms qPq~^'P~‘> — p{q — 1)P^_1^~'^ in order to use relation ([5]) we get 


Gi(s) 


(n+p)(piP^’P-<^ 
(n + i)(p;-i’p-« 
{n+p)[p{P^’P-^ 
(n + l)(P”-i’P-« 


- p;_Y’"-^)) + (dP”-"’"”’ -p(9 -1)^“) - 2s((P,”-i’^-« 

- pp;ir") - - Piq - i)n-r") 

- p;+/’"-^)) - (pp;ir" - 

- pp;ir") - {qpr^’^-‘> - piq - i)n-r")- 


)'-p(p-n 


Splitting Pq ^'P and P^"l^ according to ((2]) gives 

Gi(s) = p(n +p)(p,-i-P-«+i + p;_ir’+') -p(n +p)P;_Y’^-« +p(p - l)P;_+;’P-« - (n + q + l)P;-i’P-^ 
+p(n + g -1) (p;_-/’^-^+^ + p;dr 

= p((n+p)p”-i’^-«+i + (n + g - i)p;_Y’^-’+^) +p(n+p)(p;ir’+' - p;+i'’^-’) 

+ p(p - l)P;_+'’^-« - (n + <7 + l)P,"-i’P-« +p(n + <7 - l)P;dr'^'- 
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We apply (|1]) to the first term and add and subtract pP” to get 

Gi(s) =p{n + p + q + l)P"-l-P-9 + p((u + p)P;_:r'^' + {n + q- 

- p{n+ p)p;+'’^-^+ p{p - i)p;+2'’'’-" -{n+p+q + i)p;-i'P-«. 

This allows us to use relation (|4]) on the second term, hence 

Gi(s) = (P- l)(n + P + g + l)P”"^’^“'^+p((n+p + g-l)P”_l^i"'^ 

- (n+p)p;_Y’"-^+ PiP - i)p;+2'’"-^). 

Applying relation (g]) to the third term (n + p)Pq^i’^~^ yields 

G,{s) = {p-l)in + p + q + +p^n+p + q-l) + P;_+/'^’-«) 

= (p-l)(n + p + g + l)P"-l’^’-^ 

where the last term vanished due to ([2]). For the second part G 2 (s) we get 
G 2 (s) = (n + p)p,"’^’-« + p^-^’P-^ - pp;_:P-« 

= {n + p + q + 1)P^-^’P-1 + {n+ p)P^'P-‘^ -{n + p + q)P^-^’P-^ - pP^^l^-^ 

where we added and subtracted {n + p + q)Pq~^’P~‘^. Splitting {n + p + q)P^~^’P~‘^ according to relation 
dH) yields 

G 2 (s) = (n + p + g + l)P;-i’P-9 + (n + p) (p^’P-^ - +{n + q+ 1)P;_-/’P-«+^ -pP^ir'^ 

= (n + p + g + l)P;-i’^-^ + (n + p)P;ir+ (n + g + 1) (p;ir"+' - 

= (n + p + g + 1)P”"^’P"'? + {n+ p)P^l\~‘^~^^ + (n + g + 1)P”4!“'^+^ - (n + p + g + l)P”_fr'^ 

= (u+p + g + l)P"-i’P-p 

where we also used relation ([2]) twice. The last equality is true due to relation (|1]). For the u-terms we 
therefore get 

yAP-«G«P«(Gi(s) + /3G2 (s)) = uAP-^C^D\n + p + g + l)(p-l + I3)P^-^’P-^ 

= (p + /3)yAP-«G«P«(n+p + g + l)P;-i’P-«, (33) 

where we used the commutator relation (|2^ in Lemma |4Tj 
Combining the zz^y-parts of terms (EH) and dsni) gives 

zztyAP-«G«-ip«p(2P;_:P-« - (p - l)P;_+ 2 ^’^-« + {n+ p)p;_Y’'’"^) 

=zzhAP-'^C‘>-^D‘ip{2P^lP-‘> + (n + p + g - l)P,”:r'^) 

=zz^uAP~'^C‘^~^D‘^p{n + p + g + 1)P”_1^~'^. (34) 

where we used relation (U) of Lemma 12.11 

For the zy^y parts of the equations (051) and (051) we have 

-zy1'yAP-«-iG'?PXP"’P-'?-i - (p - l)P”+i^’^”'^”^ + (n + p)P^+^’P-'i-^). 

By adding and subtracting (u + 1 + q)Pg^i’^~'^~^ and using relation (|4]) on the last term we get 

- zy1'yAP-«-iG‘?P>((n +p + g)(P;+i’P-«-2 - P^"_+/’^"‘^"^) + P”’^-'?-^) 

= - zy1'yAP-«-iG'?PXn +p + g + l)P"’P-'?-b (35) 

Collecting the individual terms (051) . (051) . (IMl) and (1551) completes the proof. □ 
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In the final step of the computation we will apply the last Dirac operator from the right on the 
result of the previous lemma. Quite surprisingly, the end result is expressed as a linear combination of 
six Jacobi polynomials multiplied with suitable Clifford numbers. 

Theorem 4.1. If the operator d\dz is applied from the left and dj^du from the right on the harmonic 
kernel for p > q>l one gets 

dldzK^+i^g+idldu =Cp+i^q+i{p + l){n + p + q + 

X (^(z, u){z, z){u, u){P + p){n - /3 + 

-{z, u) {u, u)p{/3 + p)z A - (z, u) (z, z)p(/3 + p)u A 

-{z,u)‘^{n + p){l3 + p)z^uP^_f’f'^~^^ - {z, z){u,u)p{n - f) + q)zu'^Pq’^~'^~^ 

+ {z, u)p{n + p + q)zz'^uu^. 

Proof. We begin again by computing the action of the Dirac operator cl„ from the left on the first term 
of Lemma 14.61 yielding 

(^P-9C'<3£)<3(^ + p){n - 

+ + p)uy) qPq~^’^~‘^ 

+ AP-^C<^D<i{P+p)u{z^^ - yt A)2 (PJ*-i.p-9)'. 

By collecting with respect to scalars and bivectors and using yz^’-g = {B — z^u)-^ = s — z^u-^ we get 

{AP-’^C^D^P + p)uPf;-^’P-‘^)du = +p)((n - P)Pf^-^’P-^ + 2s{P^-^’P-'i)') 

+ ^p-9C;9£,<?-l(^+p)yyt(^pn-l.p-9 _ 2s{Pf^-^’P-^)') 

- AP-<'+^C‘i-^D‘i-\l3 + p)/y(n + p)PqX‘^"^\ 

where we also used the derivative relation ([5]) of Lemma [Q on the last term. Here we can use relation 
© on the second term and, after adding and subtracting qPJf ^’P also on the first one, yielding 

{AP-‘>C‘>D‘>{P + = HP-«C'«P«(/3 +p)((n - /? + - (<?P”"^’P“« - 2 s(P"-1’P-«)')) 

+ + p)uu\qP^-^’P-‘> - 2s{P^-^’P-‘^y) 

- AP-‘>+^C'>-^D‘^-\p + p)zh{n + p)P,”:r'^^^ 

= HP-«C'«P«(/3+p)(n-/3 + g)P”-i’P-‘? 

+ AP-‘>C‘>D‘>{I3 + p)pPqX‘‘ 

- +p)pyy^P;_:P-« 

- AP-^+^C^-^D^-\p + p)z^y(n + p)P;ir^^^- 

By writing the Clifford product uu^ = u A as a sum of a wedge and a dot product we get 

(AP-«C«P«(/3 +p)yP"-i’P-«)9„ = AP-'iC^D'^iP + p){n - /3 + q)P^-^’P-'^ (36) 

+ +p)pp;ir" 

- AP-‘iC^D^-^{l3 + p)pu A 

- +p)z1'y(n + p)P;ir'^+\ 
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Applying from the left on the second term of Lemma 14.61 results in 

( - AP-’^-^C‘>D'^zu'^upP^’P-’^-^)du = -AP-'i-^C'^D^izuHn - P)pP^'P-‘>-^ 

- AP-‘>-^C‘^D'^-^zu^uu^pqP^'P-‘>-^ 

B D' ^ 

We use zu^uz'^ = zu^B + zz^D — zz^uu^ and zu^uu^ = zu^D to get 
( - = -Ap-'^-^ 0“zu\n - /3 + g)pP”’P“«"^ 

+ AP-«-iC"?P‘?2yt2sp(p^".p-9-i)' _ AP-'?-iC'«P«2w1'2sp(P"’P-'?-i)' 
- AP-'^C'^-^D‘>zz^p{n + p)Pg+^’P-'^ 

+ AP-'^C'^-^D‘>-hzhu^p{,n + p)P;_Y’^"^ 

where we also substituted 2[P^’P~'^~^)' = (n + p)Pq^i'^~^■ Expanding the product zz'^ = z A z'*' + 
gives 

( - AP-^-^C‘iDHu^upP^’P-^-^)du = -AP-‘i-^C‘^DHu^{n - /3 + g)pP;’^"«"^ (37) 

- AP-^C^-^DH A z'‘p{n+p)P^+^’P-^ 

- ^AP-'>C'^D‘>p{n + p)P;_Y’^-'^ 

+ AP-‘>C‘>-^D‘^-^zz^uu^pin + p)P;+i^’P“'^. 

For the third term of Lemma I4.6I we get 

{AP-‘>C'>-^D‘^zzhpPglT‘^)du = AP-^C^-^D‘‘zz\n - l3)pPgX‘^ 

+ AP-^C‘i-^D<i-^zz^uy)pqP^f-'^ 

+ AP-‘iC^-^DHz^u{z^^ - ^)2p{p;X‘^)'. 

Using zz'I'mz’I' = zz^B we collect the result in terms of scalars and bivectors, hence 

{AP-<iC^-^DHz'^upP^X'^)du = AP-‘'C'i-^D‘'zz\n - p)pP^X‘^ 

+ AP-«C«-ip«zz^2sp(p;iP-«)' 

By adding und subtracting —{q— l)PqjFj~‘^ to the second term and to the third one we can use 

relation © of Lemma [221 hence 

{AP-‘iC^-^DHz'<upP^:Fp)du = AP-«C'«-^P‘?zz^(n - /3 + g - l)pP,”:r'^ 

- AP-<ic'i-^DHz^p{{q - i)p;ir^ - 2s(p;dr")') 

+ AP-<iC'i-^D'i-hz^uy)p{{q - l)P;i\-’' - 2s{P;iPp)') 

= AP-«C'«-^P‘?zz1'(n -P + q- l)pPqX'^ 

+ AP-‘>C'>-^D^zz'fp{p - l)P;+2^’^"'^ 

- AP-‘>C'>-^D^-^zzhu'<p{p - l)Pg^2’P~‘^ 
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( 38 ) 


Using zz^ = z Az^ + in the first and second term results in 

-l3 + q- l)pPgl^f‘‘ 

+ Iap-‘>C‘>D^p{p - l)P”_+2^’^"‘^ 

+ AP-‘^C'^-^D‘iz Az\n-l3 + q- l)pPql^P 
+ AP-’^C^-^D'iz A z'^pip - l)P,”+2^’^"'^ 

- AP-<iC<>-^Di-^zz^uu^p{p - l)P;+2^’^-'^ 

+ AP-^C^-^D^-^zz^uu^pP^X'^- 

When collecting those parts of (p6l) . (|37l) and (l38l) that only contain scalars or the para-bivector f3 we get 

AP-<iC‘>D‘i(^{l3+p){n -P + q)PJ^-^'P-^ 

+ \p{{P+P)p';i\-'^ - (n+p)p;+^-"-^ 

+ (n - /3 + g - l)P;_:r^ + (P - 
=AP-‘>C‘^D‘i ((/3 +p){n-13 + g)P”“^’^’"‘? 

+ lp{{n+p+q- i)p;_:r ^ -in+ p)p;_Y’"-^ 

+ (p-i)p;_+;’^-«)), 

where we can use relation Q on (n + p)Pg3!^i’^~‘^, hence 
AP-^C‘iD‘i{{l3 +p)(n - /3 + q)P'^-^'P-^ 

+ \p{{n + p + q- l)p;ir" -{n + p + q- 1)P;_Y’"-’-' + (n + g)P;+ 2 '’"-^ 

+ (p-l)P;_+2'’^-^)) 

=AP-«C«P«((/3 +p)(n - /3 + g)PJ‘-bP-9 + ip((n + p + g - l)(P;_:r" " 

+ („+p + 5_l)p;_+bP-«)). 

Applying relation Q on the second term results in 

AP-«C7«P« ((/3 + p)(n - /3 + g)P;-^’P-« 

+ ip( - (n + p + g - 1)P;+''"-^ + (n + p + g - 1)P;+''"-^)) 

=AP-«C'«P«(/3 +p)(n - /3 -h g)P”-i’P-P (39) 

Collecting all parts of (l37l) and (l38|) that contain the bivector z A z^ gives 

- AP-‘^C‘>-^DH A z^p({n + p)P;_Y’'’-" - (u - /3 + g - l)P;dr' " (P " ^)Pq- 2 ’^~'‘) ■ 
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As before we subsequently apply relation (|1]) on (n and relation ([5]) to get 

- AP-'^C^-^D'^z A z^p(^in +p + q- - {n + 

- (n - /3+9 - i)p;ir * -iP- 

= _ AP-‘iC’^-^Diz A ztp((n +p + q- l)iP^+,^'P-‘>-^ - -in-/3 + q- l)P;_ir«) 

= — AP~'^C^~^D‘^z A + p + g — — {n — j3 + q — 

= - AP-‘^C‘^-^D‘>p{f] + p)z A z'^P'^^Fp. (40) 

Collecting parts of equations (1571) and (155)) that contain zz’^uy) results in 

AP-‘>C‘>D‘>p(^ -ip- l)P;_+ 2 ^’^-« + P';i\-^ + (n + ■ 

Once more we apply recurrence relation (|4]) on (n + p)P^_j'/’^~‘^ and relation ([2]) to get 

Ap-«c«p>( - (p - i)p;_+2'’'’-" + p;ir" + {n+p+q- i)p;_Y’p-^+i - (n + 9 )p;_+2'’P“'' 

=AP-«c«p«p((p - i)(p;_+^’^-«+^ - p;+2^’^“'') + (n + 9)(p;_+/’'’"^+^ - 


=AP-<iC^D^p({p - l)P;i\-‘' + (n + q)P^l\-^ + p;ir^) 

=AP-^C^D^p{n+p + q)P^X‘‘- (41) 

The bivector yAyl as well as the para-bivector z^u can only be found in equation (1551) . The para-bivector 
zy) is part of equation dSD). These terms are 

- AP-‘^C‘^D‘^-\P + p)pu A vFp'^XF (42) 

- AP-^-^C‘iD‘ip{n -13 + q)zu^P^’P-'^-^ and (43) 

- AP-'?+iC"?-ip«-i(/3 -b p)(n -bp)/wP”l^r‘^+\ (44) 

Combining the results from (1391) to (l44l) completes the proof of the theorem. □ 


In the above theorem the condition on the homogeneity (p -|- 1, g -|- 1) of g+i is p > g > 1. 
However, the symmetric case of homogeneity (g -I- l,p -I- 1) can immediately be derived from it. 

Corollary 4.1. When considering the harmonic kernel 


K^+^.p^^{z,u) = {z,uf '‘{z,zY+^{u,uY+^Pg^^’P ®(2s-l) 


of homogeneity (g -|- l,p -I- 1) with p > g > 1 and applying the operators d\dz and d^du from the left and 
right respectively we can use the result of Theorem [13 and the Hermitian symmetry of q+ii^^ = 
A:”+i.p+i(z,m) = K^+i^p^i{u,z), that is 

dldzK'^+i^p+i{,z,u)dldu = (9„(9lA:^+i_p+i(z, 


In the last step the identity i9| = —dz was used. The same identity for a Clifford vector = —z helps to 
interpret the above expression as the result of Theorem |.^. j| where the roles of z and u are exchanged and 
the f-vector as well as the bivectors are reversed. 
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The result of Theorem KT\ also holds formally for the special case 9 = 0 by identifying Jacobi poly¬ 
nomials of negative degree with 0. That is due to the validity of the recurrence formulas in this case as 
stated in Remark |2.II 


Lemma 4.7. Applying the two operators dldz and dl^dy, to the harmonic kernel of homogeneity (p-fl, 1) 
gives 


dldzK^+ipdldu = Cp+ip{p + l){n + p + l){n - P)(^{z,u)P{l3 + p) -p{z,uY W). 


1,1 


For the symmetric case (l,p-l- 1) we get according to Corollary \4-.l\ 


dldzK'lpj^^dldu = ci,p+i(p-f l){n A p + l)j5{{z,uf {n - P A p) -p{z,uf ^z^uY 




n 


Theorem id.ll does not cover the case where the harmonic kernel is of homogeneity {pAl,pAl). 

We give the result in the following lemma, omitting the proof, as it is similar to the previous case. 

Lemma 4.8. RTien applying the operators dldz and d^du on the harmonic kernel Fip+i p+i of homo¬ 
geneity (j) A l,p-l- 1) one gets 



{z, z)p{l3 A p)u A u^Ppfi - {z, u)(n A p){l3 A p)z'''yPp”l\ 


(z, u){n A p){n - (3 A p)zv}Ppj}i A pin A ^ . 


In the Euclidean case the reproducing kernel of spherical monogenics can be expressed (up to a 
constant) by two Dirac operators with respect to x and y acting on the reproducing kernel of (real) 
spherical harmonics from the left and right respectively. Analogously the reproducing kernel of spherical 
Hermitian monogenics can be described in terms of two pairs of Dirac operators acting on the reproducing 
kernel of (complex) spherical harmonics which we have just computed. However, the necessary constant 
will no longer be scalar as in the Euclidean case but instead a (constant) polynomial in the Clifford 
number (3. We will give this constant in Section [4.31 
Our main theorem is hence 

(7) 

Theorem 4.2. For any spherical h-monogenic Mg^t G A4), I it holds that 



(45) 

(46) 

(47) 

(48) 


(ifp",(-,u),zM,.i(-))§2„-i =0, 
(]?;,,(■, u),/M,,t(.))s--i =0, 


{Kp^gi-, u), icizz'^ A C2z'^z)Mg^t{-))s2n-i = 0, 


with the reproducing kernel 



p+l,q+l 


iz,u)dldu, 


for p > q > I and 


{{nApAqA lfin-l3Aq)idAp))dp^q{l3) = 1. 


Proof. For a spherical h-monogenic Mg^tiz) of order {s,t) we have 
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where we used Lemma H^ to push the first Dirac operator d\ to the second argument. Using the definition 
of the Fischer inner product 




= 7;dp,q{P) {dlduK'^_^i^q+i{d,u)dl){z^Ms,t{z)) 


J 2 = 0 


we can pull the Dirac operators with respect to u out of the inner product and plug in the computation 


of of Lemma 14.41 that is 




= idp.,(/i)cp+i,,+iat5^(((p+ 

Note that the first arguments in the inner products resemble the reproducing kernel of spherical harmonics 
of order {p,q+ 1) and {p, q). If we use equation ([7]) of Lemma [2^ we get 


V P j j=0 

1 

/n-l+p\ 

\ p J j=0 




\ p ) j=0 

J2{z^zy{u, uy+^K^_^^g_j ,z'<Ms,t'j^y 


rl/lf ^ 


j=o 

Using the definition of the Fischer inner product we get 
1 


{Kp,qidvls,t)a = -dp^q{y){n + p + q + l)dldu{y^ {u,uy Ms,t{z)) 


j=o 


J 2=0 


^ [ 4 ^ {u, uy+^K;_^^^_^ {d, u)2dl (z))] ^ J. 


3=0 


Because z^Ms^t{z) is harmonic for a h-monogenic function Ms^t{z) all terms in the sum vanish, except 
for j = 0. We therefore have 


{K^q,Ms,t)a = ^dp^g{l3)(n + p + q + l)dldu(^ 


J 2=0 


Kp,q+i{d,u){z'<Ms,t{z)) 

U, u)K^g{d, u)2dl {z'^Ms,t{z)) ^ J 

= ^dp^q{y){n+p + q+l)^l^u(u(^K^g_^_l,z'^Ms, 

- 2{u, u)(Kp g, {n- 13 + t)Ms,tiz)'jyj , 

where we used the s((l|2) relations, see formulas (l24l) and (l25ll . After switching to the spherical inner 
product the spherical harmonic z^Ms^t{z) is reproduced by the kernel Kp for s = p and t = q in the 
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first term. For the same choice of parameters s and t the spherical harmonic Mg^t{z) is reproduced by 
in the second term, hence 

- 2P+^(n)p+,(w, u)(kI^, 2(n - /3 + J 

= 2^’+'*(n)p+gdp,q(/3)(n +P + gd- l)5sp5tq 

X (^{n + p + q)dldu{ukMs^t{u)) - {n - (3 + q)dldu{{u,u)Ms^t{u))^ 

= 2P+'J(n)p+g(ip,q(^)(n +p + q+ l)5sp5tq 
X (^{n + p + q)dl{{l3 + p)y)Ms^t{u)) - (n - /3 + q)dl{'kMs,t{u))^ 

= 2P+'^{n)p+gdp^q{[3){n +p + q+ l)6sp6tq 

X (^{n + p + q){f3 + p + l){n - /3 + q)Ms^t{u)) - {n - P + q){n - 13 + q)Ms^t{u))'j 
= 2^’+«(n)p+,dp,,(/3)(n +P + g + l)^(n - /3 + q){l3 + p)5sp5tqMs,t{u), 


where we again used formulas (1241) and (1251) with respect to u and yb In terms of the spherical inner 
product we therefore have 


{Kpq,Ms^t)s‘^''-^ — 


'{^p,q^ ^s,t)d 


2P+9(n)p+, -- 

= dp^q{j3){n + p + q + l)^(n - /3 + q){l3 + p)5sp5tqMs^t{u) = 6sp6tqMs,t{u), 


which completes the proof of (l45l) . For the statements (l46l) to (j48p we again consider the Fischer inner 
product 

{k;j;u),zMs,t{-))a = {dld,K;+,^g+,{;u)dldp,zMsA-))a 

= 2(4a]5,ifp\i,,+i(-, u)dldu, Ms,t{-))a, 

where we used again Lemma 14.21 Because of dzdz = 0, as stated in Remark HU we are allowed to add 
an extra term to the first argument, e.g. 

{k;j;u),zMs,t{-))a = 2{dz{dldz + dzdl)K;^,^g^,{;u)dldu,Ms,t{-))a 
= 2{dzAK;^,^g+,{;u)dldu,M,,ti-))a = 0 . 


Here we also used the fact that dldz + dzdl = A and the harmonicity of the kernel 

Equation (1461) follows then from the proportionality of the Fischer and the spherical inner product. The 

proofs of statements ((Tfl) and (H51) are analogous and thereby omitted. □ 

Remark 4.2. Although a prerequisite of Theorem \4.2\ is that p > q > 1, the statement remains true for 
all choices of homogeneity fp, q). The proof of this is similar to the one shown in the above theorem. 


4.3 Normalization 

In the case of spherical monogenics of order k the reproducing kernel can be obtained up to a constant 
by letting two Dirac operators act on the harmonic kernel of order {k + 1). As seen in Theorem 13.31 
this normalization constant is found to be Ck = —(m + 2k)~‘^. For the reproducing kernel of spherical 
h-monogenics the necessary normalization constant will not be scalar, which follows from the condition 
we derived in Theorem 14.21 i.e. 

{n + p + q+lf{n-l3 + q){l3+ p)dp^q{l3) = 1. (49) 
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This constant dp^q(P) has to invert a quadratic polynomial in /3 and therefore also has to be a polynomial 
in (3. For more information on these so-called spin-Euler polynomials we refer to HIS] and [13] . In regard 
of the factorial property (1^31) in Lemma Oa suitable basis for these polynomials seems to be given by 
the Lagrange polynomials. Indeed when considering the Lagrange polynomials for the points Xj = j for 
j = 0, • • • ,n 


= n f:7 


J=0 

and evaluating them in /3 we have some useful properties, given in the following lemma. 
Lemma 4.9. For the Lagrange polynomials Lj in {3 it holds that 


j=0 

PLjiJd) = jLj{l3) j = 0,- 

Lj(n-p) = Ln-j[l3) j = 0, ■ 


,n, 
, n. 


(50) 

(51) 

(52) 


Proof. Property dSOj) holds for Lagrange polynomials in general and thereby also for Lj{(3). Property 
m follows from the factorial property (1331) . that is 


/3L,(/3) - jL,{f3) = (13- j)L,{f3) = {13 - j)f[^ = = 0. 


For the symmetry property (1521) we have 




nt.o-0 


-l3 + {n-l) _(-!)" P-in-l) 


1=0 


n 

k^O 


j-l -{n - j) + (n - l) {-!)" {n - j) - {n - 1) 


13-k 


{n - j)-k 




= Ln-M- 




□ 

With these tools at hand we can solve equation (l49l) to determine the normalization constant dp^q{P). 
The result of this computation is given in the following lemma. 

Lemma 4.10. The normalization constant dp_q{j3) of the reproducing kernel of spherical h-monogenics 
is given by 


n 


dp,q{P) = 

3=0 


where Lj (/3) = nr=o 

1^3 


are the Lagrange polynomials and dp}q = 


{n+p + q + l) "^{n-j + q) ^{j+p) ^ 


Proof. In order to show that the given constant solves equation (1331) we write dp^q{fl) in terms of the 
Lagrange polynomials Lj{f3), hence 


n 

dp.M 


3=0 
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For the normalization condition we get 


{n + p + q + l)^{n - /3 + q){l3 + p)dp^g{f3) = {n+p + q+lf{n-f5 + q){/3+p)Y^ d!'p}qLj (^) 

j=o 

n 

= ^d^p}qi.'>^+P + d+^f{n-P + q){l5+ p)Lj {P) 

j=0 

n 

= '^d^p}q{'>^+P + <l+^f{n-j + q){j +p)L0), 

3=0 

where we used property (ED of Lemma 14.91 twice in a row in the last step. If we choose the coefficients 
dp}q = (n + p + g + l)“^(n - j + q)~^{j + p)~^ we get 

n 

{n + p + q+ l)^(n - P + q){P + p)dp^q{P) = '^Lj{P) = 1, 

3=0 

where the last equality is true due to property (1501) of Lemma 14.91 □ 
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Harmonic analysis 

Complex harmonic analysis 

Euclidean Clifford analysis 

Hermitian Clifford analysis 

space/values 

K™ C 

K2" c 

R”" 

K"'* ^ C2„ 

operators 

m 

f=i 

m 

E= Y, 

i=i 

= (x, x) 

n _ 

A = E 

i=i 

n ^ _ 

= Z) Eg = J 2 Zjdgj 

i=i i=i 

r^ = {z,z) 

m 

— Z ^j^Xj 
i=i 

m 

E = Z 

i=i 

2 2 
r = —X 

^ 4. 

dz = fjdzj i9| = Z fjdzj 

i=i ^ i=i 

n ^ _ 

= z ^j 9 zj Ej = z 

i=i i=i 

r2 = {z,Z} 

dual pair 

SI 2 X 0{m) 

g [2 X U{n) 

osp(l 2) X Spin{m) 

s((l|2) X {/(n) 

null solutions 

'Hk ='Pk Cl ker A 

T-Lp^q = Vp^q n ker A 

Mk ='PkC Vevdx 

n ker dg n ker dl 

reproducing kernel 

Kr 


= Ckd.K^dy 

K^q = dp,q{P)dldgK;^^dldp 

theorem 

Theorem 12.21 

Theorem 12.31 

Theorem 13.31 

Theorem 14.21 

Fischer decomposition 

111 

rr = © 

3=0 

min(p,g) 

J=0 

i=o 

see [5], page 310 


Table 1: summary of the results 
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